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The energy of a digraph D is deﬁned as E(D) =∑ni=1 |Re(zi)|, where
z1, . . . , zn are the (possibly complex) eigenvalues of D. In this arti-
cle we extend to general digraphs McClelland’s inequality for the
energy of a graph; we also determine sharp upper bounds for the
energy of a digraph in terms of the number of arcs.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction and terminology
A directed graph (or just digraph)D consists of a non-empty ﬁnite setV of elements called vertices
and a ﬁnite setA of ordered pairs of distinct vertices called arcs. Two vertices are called adjacent if
they are connected by an arc. If there is an arc from vertex u to vertex vwe indicate this by writing uv.
The in-degree (resp. out-degree) of a vertex v, denoted by d−(v) (resp. d+(v)) is the number of arcs of
the form uv (resp. vu), where u ∈V.
The adjacency matrix A of a digraph D whose vertex set is {v1, . . . , vn} is the n × n matrix whose
entry aij is deﬁned as
aij =
{
1 if vivj ∈A,
0 otherwise.
The characteristic polynomial |zI − A| of the adjacency matrix A of D is called the characteristic poly-
nomial of D and it is denoted byD = D(z). The eigenvalues of A are called the eigenvalues of D.
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A digraph D is symmetric if uv ∈A then vu ∈A, where u, v ∈V. A one to one correspondence
betweengraphs and symmetric digraphs is givenbyGĜ,where Ĝhas the samevertex set as thegraph
G, and each edge uv of G is replaced by a pair of symmetric arcs uv and vu. Under this correspondence,
a graph can be identiﬁed with a symmetric digraph.
The energy E(G) of a graph G [4], is deﬁned to be the sum of the absolute values of the eigenvalues
of A. For a survey of the mathematical properties of the energy we refer to [5]. One of the fundamental
results in the theory of the energy is Coulson’s formula [3]: if G is a graph with n vertices then
1
π
∫ ∞
−∞
(
n − ix
′
G(ix)
G(ix)
)
dx =
n∑
i=1
|λi| = E(G),
where λ1, . . . , λn are the (real) eigenvalues of G. In the case of a digraph Dwith n vertices, it was shown
[9]
1
π
∫ ∞
−∞
(
n − ix
′
D(ix)
D(ix)
)
dx =
n∑
i=1
|Re(zi)|,
where z1, . . . , zn are the (possibly complex) eigenvalues of the digraphD. It is reasonable then to extend
the concept of energy to digraphs [9] as
E(D) =
n∑
i=1
|Re(zi)|.
For further results in the study of the energy of digraphs we refer to [7,9].
In this article we ﬁrst show that E(D) = 0 if and only if D is an acyclic digraph (Proposition 2.1).
Consequently, the minimal energy among digraphs is attained in acyclic digraphs. It is natural then to
consider the problem of ﬁnding digraphs with maximal energy. In Theorem 2.3 we extend to general
digraphs the McClelland inequality [8] : E(G) √2mn for every graph G with n vertices andm edges.
As a consequence, in Theorem 2.5 we obtain a sharp upper bound of the energy of digraphs in terms
of the number of arcs, extending in this way the result obtained by Caporossi et al. [2]: if G is a graph
withm edges then E(G) 2m, equality holding if and only if G is a direct sum of copies of K2 and some
isolated vertices.
2. The McClelland inequality for the energy of digraphs
Recall that the energy of a digraph Dwith eigenvalues z1, . . . , zn is given by [9]
E(D) =
n∑
i=1
|Rezi|,
where Rezi denotes the real part of zi. Clearly, if D is an acyclic digraph then by Sach’s Theorem [1,
Theorem 1.2], the characteristic polynomial of D isD(z) = zn. Hence 0 is the unique eigenvalue with
algebraic multiplicity n and so E(D) = 0. The converse also holds as we can see in our next result.
Proposition 2.1. A digraph D is acyclic if and only if E(D) = 0.
Proof. Assume that E(D) = 0,which implies that Rezi = 0 for all i = 1, . . . ,n. Since the adjacencymatrix
of D is a non-negative matrix, there exists a real non-negative eigenvalue r such that |zi| r for all
i = 1, . . . ,n. In particular r = 0 and so zi = 0 for all i = 1, . . . ,n. ThereforeD(z) = zn and D is an acyclic
digraph. 
It follows from the previous Proposition that the minimal energy among digraphs is attained in
acyclic digraphs. From now on we are concerned with the problem of ﬁnding digraphs with maximal
energy.
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Let D be a digraph with eigenvalues z1, . . . , zn. It is well known [1, Theorem 1.9] that
∑n
k=1zsk = cs,
where cs is the number of closed walks in D of length s.
Lemma 2.2. Let D be a digraph with n vertices and a arcs. If z1, . . . , zn are the eigenvalues of D then
1.
∑n
k=1(Rezk)2 −
∑n
k=1(Imzk)2 = c2;
2.
∑n
k=1(Rezk)2 +
∑n
k=1(Imzk)2  a.
Proof. Part 1 follows from the relation:
c2 =
n∑
k=1
z2k =
n∑
k=1
(Rezk)
2 −
n∑
k=1
(Imzk)
2 + 2i
n∑
k=1
RezkImzk.
By Schur´s unitary triangularization theorem, the adjacency matrix A of D is unitarily equivalent
to a superior triangular matrix T = (tjk) such that tkk = zk for every k = 1, . . . ,n. Hence
∑n
j,k=1 a2jk =∑n
j,k=1 |tjk|2. Since A is a (0,1)-matrix, it follows that
a =
∑n
j,k=1ajk =
n∑
j,k=1
a2jk =
n∑
j,k=1
|tjk|2 
n∑
k=1
|tkk|2 =
n∑
k=1
|zk|2
=
∑n
k=1(Rezk)
2 +
n∑
k=1
(Imzk)
2. 
Theorem 2.3. Let D be a digraph with n vertices and a arcs. Then
E(D)
√
1
2
n(a + c2).
Equality holds if and only if D is the direct sum of n
2
copies of
↔
K2, the directed cycle of length 2.
Proof. From Lemma 2.2 it is easy to see that
∑n
k=1(Imzk)2  12 (a − c2), where z1, . . . , zn are the eigen-
values of D. Let X = (|Rez1|, |Rez2|, . . . , |Rezn|) and Y = (1, 1, . . . , 1). By the Cauchy–Schwarz inequality
and Lemma 2.2 we deduce
E(D) =
∑n
k=1|Rezk|
√
n
√√√√ n∑
k=1
(Rezk)
2 = √n
√√√√c2 + n∑
k=1
(Imzk)
2
 √n
√
c2 + 1
2
(a − c2) =
√
1
2
n(a + c2). (1)
For the second part, clearly
⊕ n
2
k=1
↔
K2 has n vertices, n arcs and n closed walks of lenth 2. Hence√
1
2
n(n + n) = n = E(⊕ n2
k=1
↔
K2). Conversely, assume that E(D) =
√
1
2
n(a + c2). This condition implies
that D has no isolated vertices, otherwise if D∗ is the digraph obtained from D by deleting the isolated
vertices then√
1
2
n(a + c2) = E(D) = E(D∗)
√
1
2
n∗(a + c2),
where n∗  n is the number of vertices D∗ has. The above inequality implies n n∗ and so n = n∗ and
D has no isolated vertices.
On the other hand, by inequality (1),
∑n
k=1 |Rezk| =
√
n
√∑n
k=1(Rezk)2, which implies that |Rezk| =
r ∈ R, for every k = 1, . . . ,n. Since the spectral radius ρ of the adjacencymatrix A of D is an eigenvalue,
it follows that |Rezk| = ρ, for every k = 1, . . . ,n. Hence
ρ = |Rezk| |zk| ρ
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and so |Rezk| = |zk| = ρ for every k = 1, . . . ,n. In particular, all eigenvalues of D are real with absolute
value ρ. Consequently,
nρ = E(D) =
√
1
2
n(a + c2)
and
c2 =
n∑
k=1
z2k = nρ2.
It follows from these two relations that
c2 = nρ2 = 1
2
(a + c2)
which implies that c2 = a. Hence D is a symmetric digraph and E(D) =
√
na. Let G be the graph such
that Ĝ = D. Clearly E(D) = E(G) = √2mn, where m is the number of edges G has. Note that 2m n
since D (and G) have no isolated vertices. Consequently, by ([6], Comment after Remark 1) G is a direct
sum of n
2
copies of K2. But then D is direct sum of
n
2
copies of
↔
K2. 
Remark 2.4. The previous result generalizes McClelland’s inequality:
E(G)
√
2mn
for every graph G with n vertices andm edges. In fact, let Ĝ be the symmetric digraph associated to G.
Note that in Ĝ, a = 2m = c2. By Theorem 2.3, E(G) = E(Ĝ)
√
1
2
n(2m + 2m) = √2mn.
Our next result gives a sharp upper bound of the energy of a digraph in terms of the number of arcs.
Recall that a digraph D is strongly connected if for every pair u, v of vertices, there is a path from u to
v and one from v to u. Note that if D is strongly connected then d+(vi) 1 (and d−(vi) 1) for every
i = 1, . . . ,n. Consequently, a n since a =∑nk=1 d+(vi) n.
The strong components of a digraph are the maximally strongly connected subdigraphs. It is well
known [1, p. 55] that if D1, . . . ,Ds are the strong components of the digraph D then D = D1 ·D2 ·· · · ·Ds and so E(D) =
∑s
i=1 E(Di).
Theorem 2.5. If D is a digraph with a arcs then E(D) a. Equality holds if and only if D is a
2
↔
K2 plus some
isolated vertices.
Proof. Assume that D is a strongly connected digraph with n vertices. By the above comments, n a.
Furthermore, it is clear that c2  a. Then by Theorem 2.3,
E(D)
√
1
2
n(a + c2)
√
na
√
a2 = a. (2)
In the general case, let D1, . . . ,Ds be the strongly connected components of D. If ni and ai denote the
number of vertices and arcs ofDi, respectively, for i = 1, . . . , s, thenn1 + · · · + ns = n and a1 + · · · + as 
a. By [9],
E(D) =
s∑
i=1
E(Di)
s∑
i=1
ai  a. (3)
To see the second part, it is clear that if D is a
2
↔
K2 plus some isolated vertices then E(D) = a. Conversely,
if D is strongly connected and E(D) = a then by inequality (2), na = a2 which implies a = 0 or a = n. If
a = 0 then D is a vertex. Otherwise a = n, but also from (2)
1
2
n(a + c2) = na
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and so c2 = a = n. It is not difﬁcult to show that a strongly connected digraph satisfying this condition
is
↔
K2. In the general situation, by the inequality (3)
s∑
i=1
E(Di) =
s∑
i=1
ai = a.
Since E(Di) ai, we conclude that E(Di) = ai for every i = 1, . . . ,n. But then Di =
↔
K2 or Di is a vertex
and we are done. 
Remark 2.6. It is easy to see that Theorem 2.5 generalizes the result obtained by Caporossi et. al. [2]:
if G is a graph withm edges then E(G) 2m; equality holds if and only if G is a direct sum of copies of
K2 and some isolated vertices.
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